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Summary. An EM algorithm procedure is presented for
the maximum-likelihood joint estimation of immigration
and mating system parameters of mixed-mating system
models for gymnosperms. In addition to accommodating
multiallelic and multilocus data in mature populations
and pollen pools, the EM estimates are insensitive to
allelic frequency changes in foreign population and may
approach closer to global maximum-likelihood estimates
with each iteration, regardless of initial starting values.
Estimates of rates of selfing (S), outcrossing (0), and
immigration (/) derived from the model are bounded
strictly within the natural biological range (i.e.,
0<O+i<1;§+0+1=1).
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Introduction

Distribution of allozyme variation within and among
plants is closely associated with their mating systems and
gene dispersal mechanisms (e.g., Loveless and Hamrick
1984). Models that enrich the study of plant mating sys-
tems include multilocus estimation (Shaw etal. 1981;
Neale and Adams 1985; Yeh and Morgan 1987; Xie et al.
1991), measurement of cffective selfing (Ritland 1984),
and measurement of differential male fertility (Schoen
and Clegg 1984; Schoen and Cheliak 1987). Methods
developed to estimate gene flow include movement of
dispersal units or dispersal vectors (Levin and Kester
1974; Thomson and Plowright 1980; Waser and Price
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1982), allelic frequency distribution between and among
populations (Slatkin 1981), and paternity analysis (Smith
and Adams 1983; Ellstrand 1984; Friedman and Adams
1985). An extension of measurements of mating system
and gene flow is to jointly estimate their levels in plant
populations (Adams and Birkes 1989; Adams and Birkes
1990). In this paper, we extend the multilocus Expecta-
tion-Maximization (£M) algorithm for mating systems
(Xie etal. 1991) to include immigration for gymno-
sperms. Explicit expressions are given to determine rates
of selfing, outcrossing, and immigration, and frequencies
of multilocus haplotypes in local and foreign pollen
pools.

Description of the model

The EM algorithm is an iterative procedure wherein each
cycle consists of an expectation step (£) followed by a
maximization step (M). In gymnosperms, sources of pol-
len that contribute to the pollen pool of a given popula-
tion can be divided into pollen from maternal plants
themselves (selfing), from other plants in the same popu-
lation (local outcrossing), and from plants in foreign
populations (outcrossing due to immigration), but it is
not possible to know which event has occurred. An em-
bryo that carries a nonmaternal pollen at any locus is
categorized as discernibly outcrossed, and otherwise as
ambiguous. Starting by assuming arbitrary values of un-
knowns, rates of selfing (S), immigration (), and out-
crossing (0), and frequencies of multilocus pollen geno-
types in local (P;) and foreign (i;) gymnosperm
populations, the F step derives the expected number of
gametes from selfed and outcrossed events and the M
step provides maximum-likelihood estimates for S, I, O,
P;, and i;. These estimates are used in another E and M
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step, and the EM algorithm continues until successive
estimates converge to a specified criterion. Data used to
estimate S, I, O, P;, and i; using the £M algorithm are:
(1) known or inferred maternal genotypes in local popu-
lations, (2) genotypes of open-pollinated progeny arrays
from known or inferred maternal genotypes, (3) known
maternal contribution to heterozygous embryos from
heterozygous maternal plants of the same genotype, and
(4) known or inferred genotypes for a sample of trees
from foreign sources.

The assumptions of the mixed-mating model are that:
(1) there are only two types of mating events (outcrossing
and selfing); (2) there is homogeneity in allelic frequen-
cies among cross-fertilization pollens over array of ma-
ternal plants sampled; (3) all embryos, regardless of mat-
ing event, have equal fitness; (4) maternal plants sampled
outside a given population are representative of the for-
eign pollen pool; and (5) there is no association between
alleles at different loci, that is, the pollen pool is not in
gametic phase disequilibrium. We use the term “‘gametic
disequilibrium” instead of “linkage disequilibrium” to
refer to associations between independent, as well as
linked, loci. Likelihood equations for complete sample
space using the EM algorithm are derived from multino-
mial sampling. Given the above assumptions, the proba-
bility of observing a pollen with the /™ multilocus pollen
haplotype in offspring of a mother plant in the local
population is given by Egs. 1 and 2.

PGy (. k)] = S¢ (k) + Ii; + Op; Ambiguous (1)
(self or outcross)

PlGo ()]

where G, (j, k) is the j® multilocus pollen haplotype that
could be produced by the maternal plant, which is as-
sumed to have k heterozygous loci; G, () is the j* mul-
tilocus pollen haplotype that could not be produced by
the maternal plant; ¢ (k) is the product of segregation
parameters of k heterozygous loci in the maternal plant,
which can be estimated using haploid megagametophytes
of heterozygous trees; S is the proportion of selfing; [ is
the proportion of outcrossing due to foreign pollen; O is
the proportion of outcrossing due to local pollen; p; is the
frequency of the j** multilocus pollen haplotype in the
outcrossed pollen pool of the local population; and i; is
frequency of the j™® multilocus pollen haplotype in the
foreign polien pool.

Let the observed number of pollens, G, (j, k) and
G, (), in the pollen pool of a given population be Ny, (j, k)
and N, (), respectively. The expected numbers of pollen
from selfing (Ng) and outcrossing [local (N,) and foreign
(N)] are:

=Ji;+ Op; Observed outcrosses (2)

. N = Sok
NS:ZZ ¢()

j=1k=0 S(Z)(k)+1ij+0ijM (], k) (3)

Ny= % {Z M*O—lj’:—*NM(j,k)Jr .Op" No(j)}
=t k=0 S ¢ (k)+1i;+Op; Ii;+Op;

)

Nz=§{i L Nom},
j=1 (k=08 ¢ (k) +Ii;+ Op; Ii; + Op;

)

where N is the total number of multilocus pollen haplo-
types observed and n is the number of loci scored. The
maximum-likelihood estimators of S, I, and O are:

. N, . N . A,
S=—— 5  [=—d 0= (6
Ne+N+N,” ~ N+N+K, N+ N+ N,

The expected number of pollen “j” in the local outcrossed
pollen pool is:

. " Op:
N(p=% ——+——

ol k§OS¢(k)+1ij+0pj
Thus, the corresponding frequency of the j™ multilocus
pollen haplotype in the outcrossed pollen pool of the
local population, p;, is:

Op.
Ny (. )+ —H— Ny (). (7)

Ii; + Op;

N .
b= ®

The frequency of pollen “j” in the foreign pollen pool,
i;, is estimated from the product of frequencies of alleles
composing multilocus genotypes of this pollen. Let A (/, )
be the I'* allele at the ® locus and the expected number
of A(l,¥) in the foreign pollen pool be AA(l, 7). Then,

N (o Ii.
AA(lr)=FA( 1)+ o Ny () +
RAGT) tn El{kgos(p(k)mﬁopj w0 k)
Ii.
+— N’o(j)}, 9)
Ii;+ Op;

where N, (j, k) and N, (j) are, respectively, the observed
number of pollen, G,, (j, k) and G, (j), with allele A(l,r) in
the local population; and FA(I,r) is the observed number
of alleles A (I,r) in the foreign population. Let the frequen-
cy of allele A(l,r) be a(l,r). Thus,

AA ()

—, 10
K+ F, (10)

a(llln=

where F; is the total number of alleles observed in the
foreign population. Therefore, the frequency of pollen “j”
in the foreign pollen pool is:

f=T140,7), (11)

where d(l, ¥)’s are frequencies of alleles composing the
multilocus genotype of pollen .



The maximum-likelihood estimates for S, I, O, F;, and
i; can be obtained by iterating the above estimation pro-
cedure until successive estimates stabilize. Initially, arbi-
trary values of S, I, O(S+I+0=1), p;, and i; are provid-
ed to begin the iterative procedure.

Analysis of data using the EM algorithm

We have reanalyzed the 1983 flowering year data from a
clone bank of Pseudotsuga menziesii (Mirb.) Franco pre-
sented by Fast ct al. (1986). In that study, rates of immi-
gration (0.82) and outcrossing (0.56) were separately esti-
mated from the models given by Smith and Adams (1983)
and Neale and Adams (1985), respectively. The EM al-
gorithm procedure gives a comparable selfing estimate of
0.50. However, the rate of immigration is significantly
lower at 0.34. A large number of initial values of the set
{S, 1,0, p;, i;} was used to test convergence of the itera-
tive procedure to a stationary value or local or global
maximum (Wu 1981). Regardless of the initial set, the EM
algorithm procedure always converged to {S, I, 0, p;, ;}
for the estimate set. These results suggest that the present
procedure is robust with respect to initial starting values,
and that the values of 8, I, 0, p;, and 7; are likely to be the
global maximum-likelihood estimates.

In the Smith and Adams (1983) and Friedman and
Adams (1985) models, the immigration rate, m, is estimat-
ed by dividing the proportion of observed immigrants, b,
by the probability that a foreign (background) pollen
grain has a distinguishable multilocus marker, d (ie,
m=b/d). Obviously, an underestimation of d will result in
an overestimation of m. Fast et al. (1986) estimated d
based on samples of trees from natural populations sur-
rounding the seed orchard. However, pollen contribu-
tions from adjacent clone banks were ignored. Most like-
ly, the sample of foreign genotypes in their study did not
accurately reflect allele frequencies of all outside pollen
sources.

We computed the seven most frequent foreign pollen
multilocus haplotypes and their frequencies from back-
ground genotypes (trees from natural populations sur-
rounding the seed orchard and from adjacent clone
banks) for this clone bank. In theory, these seven foreign
pollen multilocus haplotypes accounted for 25% of the
total possible foreign multilocus haplotypes produced by
background pollens, but none was observed in the 1983
data of Fast et al. (1986). The probability of not observing
any of the seven most frequent foreign pollen multilocus
haplotypes is very small, at 5.28 x 1017, This suggests
that a part of the contribution of the foreign pollen pool
was ignored and, consequently, that d must be an under-
estimation in Fast et al. (1986). Another way to show
that d is underestimated is to compare the immigration
rate (0.82) with the theoretical maximum immigration
rate, which is the outcrossing rate (0.56). Obviously, the

139

former is much larger than the latter. This indicates that
the rate of immigration in this clone bank was overesti-
mated by Fast et al. (1986).

In the EM algorithm procedure, the rate of pollen
immigration is given by the expected number of immi-
grants, N,, divided by the expected total pollen array (i.e.,
Nyg+N,+ N,). In contrast to sensitivity of the Smith and
Adams model to d, the EM algorithm procedure is rela-
tively stable with respect to allelic frequency changes in
the foreign population. The expected number of the I
allele at the r™ locus in the foreign pollen pool has two
components (see Eq.9). It is the sum of the observed
number of alleles in the foreign population, [FA(!, r)], and
the expected number of pollen carrying that allele from
outcrossing with foreign sources. In testing the sensitivity
of the EM estimates to changes in allelic frequencies in
the foreign population, we constrained FA(I, r)in Eq. 9 to
a wide range of values. The iterative procedure always
converged close to the stationary value or local or pre-
sumed (likely) global maximum. Even in the extreme case
when we set FA(I, ) in Eq. 9 to zero (i.e., no information
on the foreign population), the resulting estimate of 0.36
for proportion of outcrossing due to foreign pollen and
0.15 for proportion of outcrossing due to local pollen
approximated the global maximum I (0.34) and O (0.16)
values. It is always time-consuming and difficult to collect
allelic frequency data from foreign (background) sources,
especially for those nondisjunct populations. Thus, we
believe that the apparent stability of T and O to changes
in foreign allelic data is an appealing property of the EM
algorithm procedure, for the joint estimation of mating
system parameters and rate of immigration in gym-
nosperms.

One other advantage of the EM algorithm is its facil-
ity in coping with a high number of alleles at marker loci.
It yields identical estimates for outcrossing (i.e., [ +0) as
with the strictly comparable maximum-likelihood analy-
sis, provided the latter is less than unity (Brown et al.
1984). However, the EM estimate of outcrossing is
bounded strictly within the natural biological range, be-
tween 0 and 1. Thus, when the EM estimate of outcross-
ing is equal to unity, its simultaneous estimates of local
and foreign pollen allele frequencies will likely be biased.
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